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1. Introduction 

We present an analysis of the rise of total 
cross-sections achieved in our eikonal mini-jet 
model through an IR singular a s and soft gluon 
resummationp]. We call it the Bloch-Nordsieck 
(BN) model because in it we include an infinite 
number of independently emitted very soft (IR) 
gluons. Consider hadron-hadron scattering at a 
cm. energy y/s. In the eikonal representation, 
the elastic and the total cross-sections can be 
written as 

CJelasUc^ J d?h\ 1 - e**^') | 2 (1) 

ototai = 2 J d 2 h[l - e- Im ^cosdtex(b, a)] (2) 

The above two equations give for the total inelas- 
tic cross-section: 

O 'total inelastic = &inel = / d 2 b[l — e " 2Xm x( & ' s )] (3) 
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By relating the inelastic cross-section to the prob- 
ability of all possible inelastic processes, consid- 
ered independent of one another, one relates the 
average number of inelastic collisions to the imag- 
inary part of the eikonal function, and the task is 
to adequately model this number. Neglecting the 
real part of the eikonal (a good approximation 
for hadronic cross-sections at high energies), we 
obtain a simplified expression for the total cross- 
section: 

atotai = 2 J d 2 b[l - e - fi (M/2] (4) 

Quite some time ago, it was noticed[2 3 that per- 
turbative QCD provides a simple mechanism for 
rising total cross-sections. The average number 
of collisions fi(b, s) increases because of the in- 
creasing number of low x gluon-gluon collisions. 
These can be calculated perturbatively for all 
parton-parton processes with outgoing partons of 

Pt > Ptmin- 

The cut-off ptmin performs a double role: (i) it 
avoids the Rutherford singularity as pt — > 0, as 
well as (ii) provides a scale above which pertur- 
bative parton-parton cross-section estimates can 
be made using the asymptotic freedom (AF) ex- 
pression for the strong coupling constant a s . 
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For the complete n(b, s), we need to add a non- 
perturbative part 

fi(b, s) = n NP (b, s) + n hard (b, s) (5) 

where the non perturbative (NP) term 
parametrizes the contribution of all those pro- 
cesses for which initial partons scatter with 
Pt < Ptmin- We approximate the hard term, 
which is responsible for the high-energy rise and 
which we expect to dominate in the extremely 
high energy limit, as 

nhard{b, s) = A(b, s) (Tj e t(s) (6) 

and calculate o~j e t(s) using LO proton-proton 
cross-sections obtained from parton cross-sections 
and DGLAP [4] evoluted Parton Density Func- 
tions of current use [5] at the scale Q 2 — p\. 
These cross-sections, when ptmin « 1 2 GeV, 
have been called mini-jets to distinguish them 
from the high-p f jet cross-sections which are ex- 
perimentally visible at high energies. These 
mini-jet cross-sections grow much too rapidly 
with energy. Imposition of unitarity in the 
eikonal impact parameter representation does in- 
deed dampen in part this unacceptable growth. 

However, in order to properly reproduce the ob- 
served total cross-section high energy rise, from 
y/s « 10 4- 20 GeV to the Tevatron, Cosmic rays 
and extrapolations beyond, one needs to properly 
model the impact parameter dependence of par- 
tons in the hadrons. We shall discuss this in the 
coming sections. 

2. Revisiting k t resummation 

2.1. The infrared (IR) limit in eikonal mini- 
jet models with soft gluon resumma- 
tion 

In our eikonal model for the total cross-section, 
the rise is driven by perturbative QCD scatter- 
ing tempered by soft gluon resummation down to 
IR region [TJ. To perform resummation in this 
region, we used an expression for the effective 
quark-gluon interaction as kf luon — > given by 

P 



a s (kf) 



(7) 



b ln[l+p(^)P] 

where bo = (33 — 2Nf)/12n is the one-loop co- 
efficient of the QCD beta function, and A is the 



QCD scale. In the k 2 >> A 2 limit, the above 
expression reduces to the usual one loop asymp- 
totic freedom expression for a s , whereas k 2 < A 2 
limit allows integration into the IR region, pro- 
vided p < 1. In the above expression, the con- 
stant p in front of k 2 /A 2 was included to ensure 
that a s ^ in the limit p — > 0. However, in [6] 
we have subsequently found that in this model, 
one needs p > 1/2 for analyticity of the scatter- 
ing amplitude, so that the p going to zero limit 
is never of interest, and one could as well use, for 
interpolation between the IR and the UV region, 
a simpler expression 

P 



a s {k t ) 



6oM§] 



& ln[l + (i)P] 
h 

for 



k t 1 



k 2 

b [ A 21 



P 



A 2 



k 2 



for -^«1 



(8) 



(9) 
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2.2. The impact parameter distribution 

In our BN model, we have proposed that 
the impact parameter distribution of partons in 
hadrons be described by the Fourier transform of 
the soft gluon transverse momentum distribution, 
namely, for the average number of hard collisions, 
nhard(b, s), we have put 

dxi 



Tlht 



dx 2 
dz 



f/a(xi,Pt)fj/b(x2,Pt)X 



da 



dp 2 A BN (b,M) 



dpjdz 



(11) 



where fi/ a {x,p 2 ) are the parton densities in the 
colliding hadrons a and b, evolved at the scale 
p 2 , z = Sj e tl '(SX1X2), with yj Sjet being the in- 
variant mass of the final parton-parton system 



emerging as two jets and 
cross-section for the process 



da 
dpfdz 



is the differential 



parton + parton — * jet jet + X (12) 

The impact distribution function corresponding 
to the partonic collision is assumed to be given 
by 

-h(b,M) 



A BN (b, M) = A e 



(13) 
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with the normalization constant A 
1 



A = 



2tt / bdb e~ h ^>M) 



(14) 



and 

h(b, M) 



2c F f M dk ± ,k 2 t , 
/ -J— as x 



M + Jhl 2 - k 2 , 
In v -M l - J fc ± 6 

m - V M2 - k i 



(15) 



M = M(x\, X2,Q 2 , s) is the maximum transverse 
momentum allowed to single gluon emission by 
the kinematics of the process 

parton(xi)+parton(x2) — > X(Q 2 ) + (;^Mon(A:)(16) 

where X represents a particle system with invari- 
ant mass Q 2 , i.e. two jets, for high energy parton 
scattering at LO. The kinematics of the above 
process give [7] 



M(x 1 ,x 2 ;Q 2 ,s) = ^-(l-^ 7 =) 



(17) 



with s = AX1X2S. We simplify the application of 
Eq. by evaluating ABN(b, M) at a value 

Qmax which represents the average of M over 
all parton-parton processes, namely we shall use 
from now on, the factorized expression 



nhard{b, s) = A B N(b : S)<jj et (s,ptm. m ) 



(18) 



where the s-dependence of AsN{b, s) obtains 
through 



< M(xi,X 2 ; Q 2 , s) >= q max (s) = — X 

E ij /|/ i /«(^)/t/iM^)J(^) 

with the lower limit of integration in the vari- 
able z given by z min = Ap 2 min /(sxix 2 ). The 
scale parameter q max is a slowly varying func- 
tion of y/s which depends on the PDF's used. 
In any phenomenological application, the PDF's 
used to evaluate q ma x will of course be of the same 
type as those used to evaluate Oj et - Notice that 
qmax is of the order of Ptmin, since most of the 
parton-parton cross-section is peaked at ptmin- 



In Eq. (|19j) . we have dropped for simplicity the 
scale p\ at which the densities are evaluated, but 
it is understood that all the densities are actu- 
ally DGLAP evoluted. It is through q max that 
AsN{b, s) acquires its energy dependence. This 
happens both from e~ ht ^ b ' s ^ as well as through the 
normalization constant Aq. We shall show how 
Aq depends on the energy in a later section. 

The function Abn is obtained from the Fourier 
transform, J 7 BAf(K±_) of the transverse momen- 
tum distribution of the overall soft gluon radi- 
ation emitted (to LO) by quarks as the hadron 
breaks up because of the collision. This distri- 
bution is obtained by summing soft gluons to all 
orders, with a technique amply discussed in the 
literature [819110] . namely 



1 

2^ 



bdbJ (bK ± )e~ h ^ M ^ (20) 



As discussed in [T], we use Eq. (|2"0|) with the soft 
gluon integration in Eq. (I15[) extended well below 
the QCD scale A, where the asymptotic freedom 
expression for a s is not valid. We enter this re- 
gion, through the expression in Eq. (|7|). In coor- 
dinate space, this a s corresponds to a confining 
one-gluon exchange potential since it grows for 
large separation between quarks. 

Using such an expression allows us to push the 
fc t -integration in Eq. (|15[) down to zero values 
and hence access the very large distances which 
are relevant to physical observables like the total 
cross-section or the intrinsic transverse momen- 
tum. 

We now recall how Eq. (fl5|) is commonly used. 
That is, one usually separates the IR region from 
the perturbative one as follows 



(19)h(b,E) = co(n,b,Ef)+Ah(p,E), 



(21) 



where 



16 

T 



Ah(b, E) = 

— 1 - Jo{bk t ))—\n — . 
ir k t k t 



(22) 



Since the integral in Ah(b, E) now extends down 
to a scale ju ^ 0, for fi > Aq C d °ne can use the 
asymptotic freedom expression for a s (k 2 ). Fur- 
thermore, having excluded the zero momentum 
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region from the integration, J (bk t ) is assumed 
to oscillate to zero and neglected. The integral 
of Eq. (22) is now independent of b and can be 
performed, giving 

32 



i ( 2E \ 

M x ) 



Ah(b, E) 
ln(ln(|))-ln(ln(^)) 



33 - 2N f 

- M f) 



(23) 



A being the scale in the one-loop expression for 
a s . In the range 1/E < b < 1/A the effective 
h e ff(b,E) is obtained by setting p, = l/b [TO] , 
This choice of the scale introduces a cut-off in 
impact parameter space which is stronger than 
any power, since the radiation function, for Nj = 
4, is now [TO] 

-ln(l/6 2 A 2 ) ] (16/25) ln(£ 2 /A 2 ) 



-h Bff (b,E) = 



(24) 



ln(£ 2 /A 2 ) J 

Under the assumption that there is no physical 
singularity in the range of integration < kt < 
1/6, the remaining ^-dependent term, namely 
exp[— Co(/x, b, E)], is then dropped. 

By contrast, it is the inclusion of the IR gluons, 
fortified by a singular but integrable a s , which 
shows up in our calculation as an energy indepen- 
dent smearing function phenomenologically called 
the intrinsic transverse momentum of partons. 
The connection between co(/x, 6, E) and the in- 
trinsic transverse momentum of partons is easily 
established formally if, in the region bE ^> 1 one 
makes the approximation |11I12| 

b 2 A 



h(b,E) t 
with 

A = ^ 

47T 



dk 2 a 



k 2 4£ 2 
% )ln ^T 



(25) 



(26) 



We obtain a function h(b, E) which, through 
Eq. (fT3|) . gives a gaussian fall-off as in models 
where A(b) is the Fourier transform of an intrin- 
sic transverse momentum distribution of partons, 
i.e. exp(— k\/AA 2 ). We shall discuss this point 
further in the next section. 

3. The intrinsic transverse momentum 

The intrinsic transverse momentum is a phe- 
nomcnological description of the very low-pt be- 



haviour of hadrons, Drell-Yan pairs, W— mesons, 
jet-pairs, etc., produced in hadronic collisions. 
It was discussed in [719110111] and recently has 
been studied phenomenologically in [T3]. It re- 
flects the existence of a residual non-collinearity 
of quarks in the colliding hadrons, which cannot 
be estimated perturbatively through the Sudakov 

form factor. Writing the contribution of the in- 

fc 2 

trinsic transverse momentum as exp(— <k i > ) and 
comparing with Eq. (|25[) we have Pt— intrinsic = 
y/< k 2 > = 2y/A. In our model, in order to 
estimate a value for the intrinsic transverse mo- 
mentum as a function of energy as done in |12j . 
the integration in the soft gluon momentum is 
pushed down to zero, using the singular but inte- 
grable expression for a s presented in Sect. [5] In 
Fig. ([T]). the value of Pt-intrinsic from [12) is plot- 
ted as a function of M, using p = 5/6 following 
the argument in [14j about linearly rising Regge 
trajectories. In Fig. from [12] we reproduce 
the function ABN(b, s) for a range of values of 
the scale M, called here q m ax- We also compare 
our proposed expression with the result for the 
Form Factor model, in which the impact factor is 
independent of energy and obtained through the 
convolution of the form factors of the colliding 
hadrons, namely 



A FF {b) 



1 



cFqe^^iq^iq) (27) 



(2n) 2 

For protons, the usual parametrization 

,,2 n 2 



3~ proton(q) 



q 2 + v 2 



v 2 = 0.71GeU 2 (28) 



leads to the following expression for the overlap 
function 

a ff(!>) = (yb) 3 K 3 (yb) (29) 

967T 

The expression for a s in Eq.([7]) allows to ex- 
tend soft gluon resummation into the ultra-soft, 
zero momentum region. This can be done nu- 
merically, since it is not possible to obtain an an- 
alytic expression for h(b,M,A) valid in the full 
integration region. One can however divide the 
integration region in various intervals, and make 
suitable approximations for the integrand. Thus 
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Figure 1. Intrinsic transverse momentum as a 
function of M for different values of A, p = 5/6. 



Figure 2. The A(b) distribution function from 
the Bloch-Nordsieck model for different q max 
values compared with the Form Factor model 
A FF (b),p = 5/6. 



a study of the b-region of interest, gives the result 
discussed in [6], namely 



b> ^K > Ti 



h(b,M) = ^ 

7T 



(30) 



T b 2 A 2p H dk , 2M 
o / tt; — r In — — 



k 2p-l 



2bA 2p 



2c F 

7T 



dk 



In- 



M 



fc 2 P+! k 



M 



dk In 



A/ 



k ln4 



8(1 -p) 



{b 2 A 2 ) p 



2 ln(2M6) 



1 



2p 



(b 2 A 



2pN; 



■2l> 



2 \n(Mb) 
M 



-21n- 



1-p 
1 

P 
1 



bin- 



M 

T 



InM 

In- 



lnA„ 



InAp 

ln^ 
m A 



(31) 



where c F = 4/3 for emission from quark legs, 
b = 12tt/(33 - 2N f ), and N p = {l/p) 1/2p > 1 for 
p < 1. 

Through this approximation, we see that our 
ansatz for a s for k 2 / A 2 <C 1 leads to the sharp 
cut-off in e~ h ( b ' M ) at large-b values which we shall 
exploit to study the very large energy behaviour 
of the total cross-section in our model, namely we 
obtain 



A BM (b,s) = A e-"»-'» = e-« ,A > 3 * 



Eq. §2§ is similar to Eq. J35J for p w 1. For 
the soft integral in h(b, M) to be finite, however, 
p < 1 as one can see from the actual expression 
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one obtains from A through Eq. (|31|) , namely 



A(M)=A{ 



47r(l - p) 



[ln(2q 

max 

(s)b)- 



1-p 



]} 1/2p .(33) | 



We plot in the next figures the values taken 
by Aq as a function of energy for different cases. 
In Fig. ([3]) we show how Aq varies as function 
of q m ax for proton-proton, for different values of 
the QCD scale A. Notice that , following our 
recent phenomenological applications |JJ15J, we 
have used A = 100 MeV in the soft gluon inte- 
gral, and p « 0.75. In Fig. (j4|) we show A as a 



pp (grv) p tmjn =1.15 GeV 
TP (grs) p tmtn -1.3 GeV 



0.3 



0.2 



0.1 







proton-proton 




~ p=0.75 


A=0.3 GeV / 




/ A=0.2GeV 




^^-*^A=0.-\ GeV 







0.5 1 1.5 2 2.5 3 3.5 4 

q m „(GeV) 



Figure 3. The normalization constant Aq as a 
function of q max for different values of A. 



function of y/s for the two cases of proton-proton 
and 7p. The two cases differ because of different 
values of the scale parameter qmax, which reflect 
different parton densities for photons and protons 
[TB] . We also plot in Fig. §5§ the energy depen- 
dence of A, for proton-proton and for jp, obtained 
through the parameter q max as mentioned before. 

4. The Froissart limit 

The sharp falling off at very large b- values ex- 
hibited by our proposed impact parameter distri- 



Figure 4. The normalization constant Aq as a 
function of y/s for the case of proton-proton and 
7P total cross-section calculation. 

bution can be exploited to discuss the large en- 
ergy behaviour of the total hadronic cross-section 
in our model. Going to the very high energy limit 
in Eqs. (|4I5I18[) . we can write 

/>oo 

ctt(s)~2vt/ db 2 [l- e- nh - d{b ' s)/2 } (34) 
Jo 

Inserting the asymptotic expression for aj e t at 
high energies, which grows like a power of s, and 
ABN(b, s) from Eq. (|32| we obtain 

n hard = 2C(s)e-^ 2p (35) 

where 2C(s) = Af)(s)ai(s/so) £ ■ The resulting ex- 
pression for gt 

/*°° - 2 

a T ( S )^2n db 2 [l-e- c ^ lbA) ~ } (36) 
Jo 

leads to 

A 2 ct t (s) « ( — ) / duu^ = 2nul /p (37) 
P Jo 

with 

u =ln[^-}^elns (38) 
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Figure 5. A as a function of energy, for photons 
and protons. 



To leading terms in Ins, we therefore derive the 
asymptotic energy dependence 

a T ^ [e\n(s)]Wrt (39) 

Since 1/2 < p < 1 [17], the above result shows 
that, with soft gluon momenta integrated into the 
IR region, k t < A, and a singular but integrable 
coupling to the quark current, our model leads to 
satisfaction of the Froissart-Martin bound [17118] . 
This region, with the scale A ~ O(Aqcd) is of 
course inaccessible to the perturbative coupling 
for a s , but it plays a crucial role in many inclu- 
sive low p t processes. One reason to neglect it 
could be that gluons with \k±\ <C A would see 
the hadron as a point-like object [TH] and such 
emissions would have a small probability, because 
of colour screening. This argument is appealing, 
and similar to the one mentioned in Sect. [5] but 
in our opinion, there is no compelling theoretical 
reason to assume that ultrasoft gluon emission in 
high energy reactions has low probablity. This 
argument could be applied to an isolated hadron, 
but not to high energy hadronic scattering de- 
scribed through the scattering of partons, where 
soft gluon emission is stimulated by QCD inter- 
actions. It is through this interaction that we 



can expect the transition between hadrons and 
quarks to arise. A singularity in the infrared re- 
gion would indeed provide a cut-off to separate 
quarks from hadrons and lead to such transition. 
This is the rationale behind going into the zero 
momentum region. 




Vs ( GeV ) 

Figure 6. Data for the total proton- proton cross- 
section and comparison with the BN and other 
models [16]. 



We show in the last figure of this contribution 
a comparison between our model and the exist- 
ing data for the total proton-proton cross-section. 
The band corresponds to a set of parameter val- 
ues consistent with the discussion in the previous 
section, namely p — 0.75^-0.8, ptmin = 1-15 GeV 
and GRV and MRST [5] densities in the calcula- 
tion of a jet and q max - 

5. Conclusions 

We have shown how a simple ansatz for the 
IR soft gluon spectrum allows to study the large 
impact parameter behaviour of some hadronic 
quantities, like the intrinsic transverse momen- 
tum and, most important, the total cross-section. 
Our ansatz relies on a power law behaviour for 
the coupling of very soft gluons to the quark cur- 
rent, which makes it possible to integrate the soft 
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gluon spectrum into the IR region. Our expres- 
sion for the coupling is singular but integrable and 
interpolates between the AF and the IR region. 
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